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SIMULTANEOUS HEAT AND MASS TRANSFER BETWEEN
GAS AND LIQUID PHASES
IL—ANALYSIS OF STEADY STATE TRANSFER

T. TAKAMATSU, M. HIRAOKA and K. TANAKA
Kyoto University, Kyoto, Japan
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Abstract—The method of analysis by the double film model is extended to the general case of the
air-aqueous solution system, and the relations among the transfer coefficients of gas and liquid film
are derived. Furthermore, the application of the dehumidification operation to the design of the
equipment is discussed.

NOMENCLATURE

CH,

G,

Hem, Hen, Hum, Hin,

hGa

hLa

iG’

i,

iL9

effective contact area
between gas and liquid
[m2/m?®];

humid heat of gas
fkcal/kg degCl;
concentration at the
interface between gas
and liquid [kg-water/
kg-solvent];

specific heat capacity
of liquid [kcal/kg
degC];

gas flow rate [kg-dry
air/h};

absolute humidity of
gas [kg-water/kg-dry
air];

height of a transfer
unit [m];

gas film coeflicient for
heat transfer [kcal/h
m? degCl;

liquid film coefficient
for heat transfer [kcal/
h m?2 deg(];

enthalpy of gas [kcal/
kg];

enthalpy at the inter-
face between gas and
liquid [kcal/kg];
enthalpy of
[kcal/kg];

liquid
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ke,

kln

Kog,

Nen, Nem, Nen, Nom,
N,

0,
Qs,

gas film coefficient for
mass transfer [kg/h
m2 AH];

liquid film coefficient
for mass transfer [kg/h
m2AC];

overall mass-transfer
coefficient taking the
enthalpy difference as
driving force [kcal/h
m2 Ai];

liquid flow rate [kg-
solvent/h];

constant in equation
(31);
constant
(30);
constant
(31);
constant
(30);
number of transfer unit;
overall number of
transfer unit;

total transfer rate of
enthalpy [kcal/h];
transfer rate of sensible
heat [kcal/h};

transfer rate of latent
heat [kcal/h];

latent heat [kcal/kg];
cross section area of
equipment [m?];

in equation
in equation

in equation
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tg, temperature of gas[°C];

1, temperature at the in-
terface [°CJ;

tL, bulk temperature of
liquid [°C];

W, mass-transfer rate [kg/
h];

Z, height of equipment
[m];

a, ratio of total transfer
rate to sensible heat-
transfer rate;

€, -+ counter flow;

€, — parallel flow.

INTRODUCTION

IN THE previous paper (1), the equations of
unsteady state heat and mass transfer were
simultaneously solved and the mechanism of
simultaneous transfer phenomena was dis-
cussed. To design the equipment used in
humidification or cooling water operation,
the analysis by the double film model has been
conveniently applied. Simultaneous heat and
mass transfer of the air-water system have
been studied by several workers. For the air-
water system, Mickely [1] and the other investi-
gators proposed the method using the chart of
enthalpy-temperature and the relations among
the film coefficients. For the gas-liquid system
for which the relations of Lewis are not valid,
Bras [2], Mizusina et al. [3], Lewis and White [4]
and Inazumi [5] have proposed the various
methods using modified enthalpy, but little
attention has been paid to the system of which
there exist mass-transfer resistance in the liquid
phase. In this paper, the air-aqueous solution
system, in which the vapour-liquid equilibria
depend upon the temperature and concentra-
tion of the liquid, is analysed by a double
film model and the relations among the film
coefficients and the estimation of interface
state are presented on the chart of enthalpy
defined as the functions of the temperature and
concentration of the liquid.

BASIC EQUATIONS OF TRANSFER
Consider the operation of the counter or
parallel flow as shown in Fig. 1. The equations
which express the mass and the enthalpy balance
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for the total equipment or a differential height of
the equipment can be given as follows:

€. G(Hg, — Hg,) = L(C, — Cry), (1)
e. GdHy¢ =L . dCy, (2
€. Glig, —ic)=L.Cs(tr, = r), (3
e.Gdig =L .Csdtr (4)

The transfer rate of sensible heat from the bulk

of air to the interface

dQs = — ¢ . GCy dtg = heaS (t¢ — t1) dZ.
(5)

The transfer rate of vapour from the bulk of air
to the interface

dW = — ¢ . GdHg = kcaS(Hg — Hy) dZ. (6)

Enthalpy of the humid air and that at the inter-
face between air and liquid are defined as
follows:

ig=Chg.te¢+7y.Hg @]

and
ii=Cmt; +vy . Hy. ®)

In the gas phase of the air-water system it is
assumed that the relation of Lewis is valid, that
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is

he .

fo Ch. ®
The transfer rate of enthalpy from the bulk of air
to the interface between gas and liquid may be
expressed as the following formula:

dQ =dQs+dQ0L=dQs+ v . dw, (10)

ie.
dQ = — €. Gdig = kgaS (ic — i) dZ, (11)
where it is assumed that Cpg is nearly equal to

Cui. Now the rate of enthalpy transfer from the
interface to the bulk of liquid is

dQ = — L. Csdtr, = hpaS (s — t1)dZ (12)

and the rate of mass transfer from the interface
to the bulk of liquid is

dW = — L . dCy, = k1aS (C; — Cr) dZ.(13)

The double film model contains two assump-
tions: these are

(i) Individual fitm coefficients are constant at
all parts through the equipment.

(ii) There is an equilibrium state at the interface
between gas and liquid (Fig. 2).

Gas phase

Interface Liquid phose

FIG. 2. Concentration and temperature profiles.

i =f(Cz, t), (14)
Hi=g (Ci, tt). (15)

Under these circumstances, well-known equa-
tions are defined from equations (5), (6), (11),
(12) and (13).
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Nen = sz:tadf t’ (16)

Nem = ¢ _[:II::% e J:: iadﬁ; iy’ an
Nu — L’ g (8)

Now= e, @)
Ha=F= L o

Hom = o =5 » @

o= L @)

Him—= o Z 23)

™= kiaS  Nim’
where it is assumed that G, L, Cg, Cs, a and S
are constant.

ESTIMATION OF THE INTERFACE STATE AND
GAS STATE
From equations (11) and (12) the following
relation is given:

ig — i hra
=t kea =
 Similarly, from equations (6) and (13):
He — H k
G i . La (25)

C.—Ci kega’

Applying the relation of Lewis to equations (5)
and (11) we have:

dig ig— 1

dt¢ te—ti (26)
From equations (5), (6) and (9):
— H
dH¢ _He i @7

dte

Since the equilibrium curve may be expressed
in the relation of +~C~H or t-C-i, two variables
out of three must be known in order to de-
termine the interface state. For this reason the

ta— 4 :
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F1G. 3. C-H chart.

two charts expressing the relation of variables
which are mutually independent are necessary
to determine the interface state. In this case,
besides the r—~i chart or ~H chart, the C-H
chart must be used to determine the interface
state between gas and liquid.

Figure 3 shows the C—H chart and the operat-
ing line expresses equation (2) and the equi-
librium curves correspond to equation (15).
The state of gas and liquid at any points through
the equipment is the function of the four
variables t¢, Hg, t1 and Cyz, and as there is a
relation (7) among the three variables t¢, He and
i in the gas phase, the other may be determined
if two of them are known.

Now in Fig. 3, if the gas temperature f¢
corresponding to the arbitrary point C (Cyr, Hg)
on the operating line is known, the correspond-
ing point C(fL, i¢) in Fig. 4 can be determined
and the inverse process is possible. If a tie line
whose slope is —krafkea is drawn from the
point C in Fig. 3 while a tie line whose slope is
—hralkga is drawn from the point C in Fig. 4,
the point D, which represents the interface
state, can be determined on an equilibrium
curve as the point where each of #, C;, H; and i
has the same value in both figures. For example,
when the gas state C’, corresponding to the point
C, is known in Fig. 4, if C; is assumed, #; and i
(H;) are obtained from the point D on the
equilibrium curve and then C; can be determined
in order that H; obtained from Fig. 4, coincides
with H; obtained from # and C; in Fig. 3.

c

-

As described above, it is necessary that the
corresponding gas state C’ must be known in
order to determine the interface state between
gas and liquid at an arbitrary point through the
equipment, therefore the determinations of the
interface and gas states must be carried out
simultaneously. The gas state can be determined
by a graphical method as shown in Fig. 4. The
interface state D is determined from the points
A (try, ig) and A’ (tg,, ig,) and as the line 4D
has the slope dig/dtg, C’ is obtained as the
joining point of the line AD and the line of
i = i¢ and by succeeding these steps the varia-
tions of gas state will be followed up.

RELATIONS BETWEEN OVERALL COEFFICIENT
AND INDIVIDUAL FILM COEFFICIENTS
Enthalpy iz, which is in equilibrium with the
bulk concentration Cy, and the bulk temperature
t, of liquid, is given from equation (14).

i = f(CL, tr). 28)

The overall mass-transfer coefficient, Kyqa, is
defined by taking the enthalpy difference between
the bulk of gas and liquid as the driving force,
as in the following equation:
dQ = — eG dig = KogaS (i¢ — ir) dZ. 29)
Now, assuming that the equilibrium curve can
be represented by a straight line, that is

Ho=m . .tt+n.C+P¥,
ii=m.t+n.C;i+ b,

(30)
3y
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ir=m.t -+ nCp+ b (32)
From equation (8),
m=Cg+ym, n=yn', b=y.b, (33)

where the average value is used for Cp,.
Combining equations (31) and (32),

i —iL=(i¢g — i) + (s — ir) = (i¢ — i) +

+m@ — tr) + n(C; — CL). (34)
From equations (6) and (13),
dW = keaS(He — Hi)dZ
= kraS (C; — Cr1) dZ. (35)

From equations (29), (11) and (12)
dQ = KoeaS (i¢ — iz) dZ = kgaS(i¢c — i) dZ
= hraS (t — t1) dZ. (36)
Defining that the ratio of overall enthalpy
transfer rate to sensible heat-transfer rate in

equation (10) is e, from equations (6), (11), (12)
and (13),

dQ . dQ . ig— it
=G0, ™ yaw "7 o — )
et  h(ti—t)
P—’ykL.(Ci-—CL)_—‘y.kg(Hg—Hz)'

37

Using «, from equations (35) and (37), the
following equation is given:

H.M.—20

7 —
FIG. 4. t-i chart.

dQ =y .a.dW =y .a. kpaS(Ci— Cr)dZ.
(38)
Also, from the equations (36) and (38);
Koga (i¢ — iL) = kga (i¢ — @)
=hra(ti — tr) =y . ckra (C; — Cyr)
Jie—ip _de—ii ti—tp G —Cp
o I/Koaa“ l/kaa B 1/hLa *l/y.akLa
_Ge—i)+mt — 1) + n(C; — Cr) (39)
o 1/kga + m/hra + nlyakra )

Therefore, the relation between the overall
coefficients Ko¢ a and individual film coefficients
kea, hea and kra can be expressed as the follow-
ing equation from equations (34) and (39)

1 1 m n
Koaa_kaa hLa y.a.kLa'
Equation (40) is the local relation which is
valid at any point Z through the equipment. It
has been found that the overall coefficient Koga
is not constant, because the dimensionless ratio
a is generally a function of the location even
though k¢, he, kL, b, m and n are constant.
In the next discussion, overall relations between
coefficients will be obtained considering this
fact. Integrating equation (29)

SZ Ilm dig
- = € TN
G ia, Koga (i¢ — ir)

(40)

(41)
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FiG. 5. Representation of the graphical method for the case a —

Average value (Ky ga)m is defined as follows:

,,,,ﬁl,,, o Ju,l - le
(Koca)m KOGa(lG — 1) icofc — i’

(42)
Using this definition,
igy di

(o = <[ L0 @y

il — 1L

G VA
Hoo)p = = o, = . 44
( 0()m (Koc(l)m . S (NOG)"I, ( )

Taking the average value of both sides of
equation (40),

.__l .[i(;l /J dig
@n  Jig (lG - IL) icyiG — IL

can be defined. From these definitions the
following overall relation can be given:

(43)

Lo tr.m . on

(Koc)m kea " hra " y(@)m kra’
If a is constant at any point through the equip-
ment, from equations (6), (11) and (37),

(46)

dig ig, — g,
== = 47
“Ty dHe Ty (He, — Hey P
Therefore, only in this case Koga = (Koga@)m,
a = (a)m, so Koga is constant through the
equipment and the equation (30) coincides with
equation (46).

14 -
const.
From equation (10)
_do Q(ngt_QQL dQer |
dQr dos dQr

Substituting equations (5) and (6) into the
above equation and using equation (9)

H ¢ — Hi C H l
tg — ¢t i oa 1 (48)
From equations (26), (37) and (48)
dig g — I aCy
dig t¢ ot a1 (49)
If « is constant,
diG l(,rl — 102
dre f(n"" fo. = const. (50)

Therefore the variations of the gas state are
represented by a straight line and as a is obtained
from equation (47) the value of equations (49)
and (50) is determined and then the interface
state is represented as the joining point of the
line of equations (24) and (49). In this case trial
and error methods are not necessary. Now, in
the air—water system, as n =0 and n' =0 in
equations (30) and (31) and kza > oo, then

1 1 m
Koca ™ hra’

(5D

T kea

Therefore, it follows that « has the significant
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meaning as the value expressing the transfer
characteristics of the system in which there exists
the mass-transfer resistance in the liquid phase
and in which the interface state is a function of
temperature and concentration.

SUMMARY AND CONCLUSIONS

The interface state and the gas state of the
system in which the mass-transfer resistance
exists in the liquid phase can be determined by a
graphical method using the C-H chart, the
t-i chart, and the relations between film co-
efficients as shown in Figs. 3 and 4.

Provided that the vapour-liquid equilibria can
be represented by linear relations, the relations
between the overall coefficient and individual
film coefficients can be expressed by equation
(40).

Since a, which indicates the ratio of total heat-
transfer rate to sensible heat-transfer rate, is
generally a function of k¢, AL, k1, m and n, so
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Koga as defined by equation (29) is not always
constant through the equipment. It has been
found that if « is constant Kyga may be constant
through the equipment.

The water-air system in which the mass-
transfer resistance in liquid phase is absent can
be recognized as a special case of a gas-solution
system.
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Résumé—La méthode d’analyse par le modele du double film est étendue au cas général du systéme

air-solution aqueuse, et on obitent les relations entre les coefficients de transport du film gazeux et

liquide. De plus, on discute ’application de I'opération de déhumidification 4 la conception de
I’équipement.

Zusammenfassung—Die Analysis nach dem Doppelfilmmodell wird auf den allgemeinen Fall von

Luft-Wassergemischen erweitert und Beziehungen zwischen den Ubergangskoeffizienten fiir Gas

und Fliissigkeitsfilm abgeleitet. Daneben wird die Anwendung des Entfeuchtungsvorganges fiir den
Entwurf von Apparaten besprochen.

Annoranua—MeTox aHainsa ABOHHON INIEHOYHON MOJeNM TIPHMEHSIETCA K OOIIeMY Ciydalo

CHCTEMH BOJIa-BO3AYX. BEIBeleHH COOTHOINEHNA MeKAY Kod(pduuueHTaMn nepeHoca B rasoBoit

u UKol TreHke. Kpome Toro, paccmarpusaerca NpUMeHeHHe dTOT0 METOAA TPH KOHCTPYUPO-
BaHUM 00OpYAOBAHUA [T 00€3BOKUBAHUA.



